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. THE SUBHARINE APPROACH PROBLEM
; 1. FProblem and Kesults g
‘
: The Problem:

A submarine X sights a vessel Y. X determines Y's course, speed and

position. He then must decide whuther it is posaible to 1nuernept Y or not.

If X can intercept ¥, then'he is interested in knowing the courses and speeds
that are z2vaila®le to him for makins the intercention. In partieular, he

would like tq know the course and speed that ne should use so that the energy

]femﬁiﬂiéégiﬁ his batteries after the interception is the greatest poséiﬁle.xr

?igure 4 illustratés thé eeneric situation with which X is confronted

E~;~—“ 'when an interception is possible., Here V is Y's speed; U is the speed X must

~ “travel for time T to intercept Y at P along the course /3 D is the origi-

nal distance between X and Y, and oK  is the angle X nakes with Y's bow,

Y o NT LN

FIGURE 1
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The ~o]lorlnr' assumn+10ns and restrictions are impcsed on X and Y3 =
£ a) The zdsrgy availasvle toc X frc. is batteries ina 1.2 T (T ziven ]
¢ in hours) is : i
i ,
o - “‘/b\
(l.l) V L‘.:A(“i,"—: f‘w(\l - & ). i
2

Lo 1s the total energy in X's ba*teries and can range between 5,000 and

15,000 kilowatt hours. b is a constant which dépends upon the Battery con--

otruction and can range between 2 5 and 4.5 hours,

b) The energy that X will expend while uraveling at the speed U

T

for one hour is:

(1.2) p=c0”. - 4
== meesmp it — = = =
= e _ 2 LRy i = e > ks =" |

2 ‘Gonsequently the energy expended- by X in traveling a tme T is 'rive:n by Sk g
= (1.2%) PT=cru® . ' 3 - 3
- - " P is in kilowatts. c is in kw/(knots)f " and ranges between C.5 and 2.5. -~ - 8
L i _ c) Tt is further assumed that Y's tracl is a straight line and
iy X cannotrtravel at & speed in- °xcess'cf 18 knots;wf 7_ e s
The Resultss U Ry - : e i,
- In.Section 2, with the nrecedina assumptions ‘the question as to
e whether or not X can successfully intercept Y is aggyered. This is. -5

acébmplished bv*cvnstructing'a contour about Y so that 1% X is insiﬂe ofor - =
. on the contour, then he is able to intercept Y. If X is outside of the

s ~_ contour, an interception is.impoésiﬁie. Three methods for determining

- this contour are discuééed.
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Sec.ion 3 discusses 3 nmaximalily criterion and derives -some relations
which are used xn th~ l-ter sections.

In Secticn 4, & reizticon of Secticn 3 is emnlered to determinz the
"minimal enersy" contour, 2 curve vhich lies in the interior cf the inter-
ception domain, It poscesses the vroperty that if X lies inside of or on 1t,
then there exists a un‘aue :ourse'lg- which depends only on the angle X
and such that the enc-rv ex ended t¥ X in making zn interception with the
course ;?“ is less than the energy expence! by X in making an intercertion
with any other ccurse. Clexirly it is tov X's ulvantagre to use ;5— for his
intercerticn course vhenever this is possible.

Szction 5 discusses epproxicziions to the intercection contour.,

The revert concludes with Section 6 which considers the pfcblem of
calculating the probzbility of ¥ bein- able to successfully intercert Y.

An appendix lisis tre ~aurtiel derivatives of the equations cf the
interception contcur and ninimal enercy ccntour with rezrect %c the pare-

meters of the  cohlen, s

2. The Intercertion Contour

Let T be cove “ice’ t7 +, ¥errula (1,17 tells us that X has avail-
able in this :¢=ricd cf tire thz energy E:(T). Upon combiring (1.,1) and (1.2‘),

we obtain the greatest speed at which X can traveli for the pericc o tiue T,

namely:
#
. NG
(2.1) U = |-
cT '
The syicbol T chall mean throushout the rercinder of thiz rannrt that Wis

o

speed is riven by (2.1).
FESTRICTED
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We note thet wnen U is used as X's sreed in &n interception of dura-

tion T, this is eguiveicnt to asswwing that the eaergy used by X is zguval o
b 2. 4 & L L

.
e the energy svailsbic 50 Xe For (2.1) pav =ilso he writieun in the form B
o € - B, (7). /
Clearlv.ﬁ is the greduest distance X can travel in the time T,
- Hence 1f we dra& a 61TCLP of racius UT and center P as illustrated in
: Figuresz, we ses that X can intercepu Y from every point within and on the
f4¥ﬁ% S ciréle;f On the other h Qkfi th é nerléd of time for ~the 1nuerception~1s to

be T, ihen 1t is 1mp0551h1e for X to 1nteruept Y from any point that lies

outslde of this clrcle.
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“For ‘every period of time T we-Sbféin—éféanfigﬁﬁézioh7similar to ;%;”WMAfﬂ-
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Figure“2:=fﬁbw if X can interuept ;- then.he must be able to do it in some -

> peried ef tlme. Thus if we~1eu T Vury over. all posxtlve values f: i

 ‘«ﬁi~\~which"consists of all the ncints from which X can intercePt Yo~:Thi$trégi6; S o e
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Firures 3, <&, 5, ané 6 on the followin: nares are iliustirations of

“his methced of cprrexim tine the contour. Table 1 which precedes then gives

tiie caleulndens o ihr Mg -hieh were urcd in their construction, Due to
the restriciicns li,csed by the size of the paper on which this report is
reproduced, the interception -ontours heve been closed off fer 30, 30, 24,
and 20 hours resrectively. In Figure 3 where Y's speed was tzken as 5 knots,

Y

the contoui is a circle becausc of the time restriction., Since

_ e S - 7R ] e
(R.2) UT = (E_ /c) T l-e
is a monotone increasing function of T, it is fairly apparent that the
v-coordinate of the contour increases indefinitely with the tims,

From the rrevions discussion it is seen thet the interception coatour

is the envelope of a family of circles., A generic member of this family is

given by the eauation

(2.3) (x - VD)2 + 2 - (T2 = 0,
where the oripgin for the frame of reference is Y's original position,
The equetions of the envclope to the family arc found by differenti-

ating (2.3) with respect to time and taking the resulting equation together
with (2.3), i.e.,
(2.2 (x - ¥T)% 4+ y* - (IT)* = ©

v(x - VT) + UT —9- {?ﬁ?] =0
daT

Thus the intercertion contour is riven by the equations

w_wp _Ur 8 7 l

(2.5) v = VT T It [ UT
"_'_ d i 2
J - i wr7[>"(% dT [UT] )

where UT is civen by (2.2)

RESTRICTED
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erce ~ncother cthnd of deternmining the intercention scntour ould
be to lot ilie rfunction U'T arainst T 2nd from *th s ~urws ’- ”P-J
pravhicali:. These vilues —-ay then bhe vsed in (2.5) to cnlculate "e co

/

tour. Or siace (Z2.%) nay be written in th: form

y
o9 - y -—
DR P Voa

oo [B] - e (W]

= 12 , m
[rUT mey be -lott-d agaliist T and the same procedure used, We have

not tried this methoed for calculetine the contour and thus do not know
whether it has anr rmerit or not.
If formula (2.2) ic differentiated with resrect to time the result

may be out in the ferm

E -E(T)
I U 1 m __® A
(2.7) él;@a.[;c‘-*ui /5 :

E ('
G

Table 2 is a contirnuation of Table 1 and givac the calculation

of the cocrdinates of the intercerpticn contour oy means of (2.7) and (2.5).

3. A Maximaliity Criterion

The following theorem gives a set cof sufficient conditions for

X's position tc e in the isterseption contour., Unfortunately it is not
T/b)

However, it is uapnrlicatle to other availabie energy functions and suggests

applicable to the avzilatle energy function EAiT) = Ecn(l - &

e}

another way of looking at the main problem,
o{ and V shall remain fixed throughout the discussion. Recon-
sider Fipure 1, It then is readily seer that fixing any two cf the three

FESTHICTED
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variables D, /@ y and T uniquely determines the tkird, With this in mind
ve shall use the synbol ! h(/() , D) ‘c meen the ener~y available to X when
attempting an intercepticn of ¥ when the situation is described by Figure 1.
Similarly the sy-tel E(/d ,D) shall rean the eneresy tha* X would expend.
if he n-lles an interception of Y under the same circumstances,

Theorem: Let the function describing the availabvle energy of X have the

property that E (T\ /T is a strictly monotone decreasing function of T,
A Ar E D
further there exists a ,8 znd 2 D csuch that A( '6 ) = d’—(—_‘—l
E( ,a ) E{ 4 ,D)
o

attains its maximum at independently of D, then D is maxima.l.

-~ E
Prcof: We consider any D2 i) and =how thet A( A »D £ 1 for all X

E(/a ,D)

‘or X to intercevt Y for D 2 D,

i.,e., it is impossibl:

(5]

By the last assumption we have:

L 4

(3.1) E,( A3 ,D) E,( 4 ,D)
E(/d ’D) = E( ,5 ’DS

It is seen from Figure 7 that U' = U, Thus

~ A e Bl
(3.2) E(Q D) _en® _c(zr Ay _ B )
T T T+a4 T T+a4aT
/\\
\ "\
M
’§ — U(Tob'\')
/ VAl
" [}
e T » |
. (e —— .
FIGURE 7
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<hich croves the t..curca,

Let us ccacider the foll o’:x

52

- va

b) E,(T) = £ T/
c) B (7) =L gg(l - ¢ )

d) =, (T) = KT

1l

It is fairly easy to check tia
decreasin~ function fer a), b), and c)
shoul:li be reiarsed that this condi*icn
the rvaztimun sueed thLutd ca:r Srovwel Jor
maximur, speed that hc is atle t¢ trove

Suppose X's avzilzrliz enerev I

tion of the law of sines to Fi~ure 1 -

n

w5 3 NP 2y = o & -

~ . - PO R [} - - ..

% 2 (T)/T iz a strictly moncicre
A

and conctart fer ), DPerha-e it

ic souiv lant

Tae tine T+ A T ic less than the

- " .. .
-3 ?C: ‘-uU tll;e To

uaction is Ea(T) = X. An avplicuo=~

e

ivess

(3.4) sin( X + 4§ ) cin P, sin
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(/6 ,D) K K «in (°'~+/3) ( sin /) 1
‘ — S S S R e
g T T g ST -

If we differentiate (2.7) =itk res;ect 2o p woo Tiad Rhau the rozull

. . S -
'\’1},’ AR BAE LRI gPOTE U 1 S A Ve e
255 - e v el Qe weld D L O

- 6 Ex(,8 ,D) _ K sin j o x cosf - Cir
e % E(,a,D)‘ cpy O-1 <in-< [G. R ) P Mi’

EA( zg ,D)

E( p sb)
,6 = “jf and attains its naxinmum e ,/a where

{(3.7) G'sin(o{ + Z) cos A - sin ol
1f we ascime E ( ) = co7T/b’ i.e., the first terr in the ex-

Upon insvecting (Z.72) e coe “lat has minirums az /6 = 0 and

pension of Em(l - ‘ ' ), then upon proceding »s in the last paragreph,

S+ 3o . 3y o~V e o s
1% 1s Cabc{ LU el a8e

(3.8)  E (48 ,D) w7*"‘ ( X */4 T /3
E(p ,D) ) A 7.; sinra( g - N

Arain rroceding as befcre, it is easr to sez that *the raxinun of (3.8)

*
ocecurs atla ~here

(3.9) 2 § sin ( X +@ *) cos(,@“ - cinX

I
o
)
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If we attomrt e i Sron of ZA° 6 D) ith = orect
E(p D)
—7'7.' b
S /6 in tiw case whore E(r) = (1 - e / ), we £ind that the
Y, Y (0 0]

If '3..‘(?) - 17, then

E(AQ,0) _ _KT__

siné r

0
E D) cTU cl¥ =sin
(p / \ «
aad this function las its marimun uﬁ N -

(=S

3 Qqemn +
Lo, The Minimal Enercy Contcur

~ -

In the last section '~ found the maximuz of K/Z( ﬂ ,D) tc be
z_ i.e., the ancle wihich satisfies equation (3.7). Clearly /G is
alsc the minimum of "(/e ,D) and thus it is the course X nust employ
if ne is to use the least erergcy in making an inte.ception. Hence it
is of intecrest to determine exactly when it is nossible for X to inter-
cept Y if the interception course is/—G—

We ~ive the answer to {lhis problem in terms of a second curve
wvhiclhh we cal! the minimal erergy contour. It enjoys the jroierty that
if X is inside of or on this con-o:.r, then he can intercept Y by using
the course Z- and in so doinc use a mininal amount of erergy. If X
lies outside of this contour, he still may e able to intercept Y, but
he must adopt an intcrceplion course greater than IZ— in order that he
have enough energy avuilable te make the interception,
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U ~ - . Y -~ 3110
e 0 Leraia z:nation of 'lits ¢ var, fiurce 1
& B8 shml S cur.linui A il o Cound b findis
lya g s + Ay et ® P P o % sy
g u_.per interscclloa ©int o! iz circles:
2 2 2
. ~ -,
(1 o‘l) i + :: i)

vow ecuabtion (3.7) oy te pul i the forn

) ccsz—-___sin o B
G sin( &k +,a) 3D

the lau of cosines {o Firure 1 zives

(2] 5

2 s 2
(L42) (vt) =D + (UT) - 2DUT cosp

~

Using (4.3) to elininate cos;Z- from (4.4) and solviang for L , we

obtain.

2 2 5
(4.5) D = (v1) - 0-5;%;;3) (ur)*.

Upon substituting (4.5) into (/.2) we find the equations of the
minimal ener~- contour to be

(4.6) [ x-v1-32 T 17

V4 — —

v g
y:iTIT7l -[ﬁ_&&—,?"
v ¢~_|

where U 1s ziven by the formula (2.1).
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It 5 0°1¢ he obhe Lak __L,.__:..: J is Lie Tirey lern wui s [T]

a3 riven By (2,7) nd ithut ke minimal cnerpy coatour approachas the

e + ~ 7 i . 3+
irntorsertion con‘ou 150

s - ~

‘e hove gean U i8 X liec dinsite of er on the cinimgl enersy

B e R sy e Fas o CLE B . % foa wem 3ty . %
SCGaLoUr, 10 18 O Ll SoVAAT S g Mbe =iz curse z ¢t

(3.7) 0 sin( X + —/3—) >Cs —Z_ - sin O - T

)
Lp
()

s

Sup ose ¢ let A - 5 [/ir - K+ d and then subhstitute
(

Q
”
ge
2]
44
]
0
(s
O
03
,J
o
C

(3.7). Unon sinmplifying we obtain

-:-inO(zO.

19
&)

[

=
K
|

I

’J
[

S~

(£.7) sir. Y - %_.Z sin o

(£.2) A = . [77'- - & + aresin [%_4 sin a(]]

The fact that 4 depends only upon X allows us to celculate
the minimal energy contour as a function of & in a relatively simple
manner,

Given A e deternine /0 by (4.8). U is then given by

U =_V sin d
sinA

energy ecual to the enersy used or ejuivalently that U= U, The time T

To obtain the reatest D we must have the available
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that gives us the U which satisfies *his couldition may be found by clot-

ting U afainst time and findines the intersecticon of the resulting curve
. : V sine : -
with the horizontal liie U = ——;g;;s—-—. Or since UT will wrobably have

been lotted for the intzrception ccntour, ih= sarz ends may be accom=-

slished by finding the intersection of the line T = .S ¢X ¢ uith

2]

sin(leX + 8 )

this curve. Once T is found U is «<iven by D = VT s .

sin /<3

2. __Approximations to the Interceprtion Centour

The minimal ener~; contour may also L~ ithough: ot 23 an aprroxi-
zuztion to the intercention contour. The recason for l.ic is that tie
course ;5- is the cne { shculd use to zmaximize D, if hic available ener-
gy is constant, Thus the ninimal energy contour will lie close to the
interception contour whenever the interception contour is gencrated by

-7 T//b)

cepltion time when X makes an angle of 1€0° with Y's how, it is easily

shi

w

nearly flat part of EIQQ(L - e « If we let T77. be the inter-
seen tuat T gives the first point of the intercertion contcur iu the

sense that all othner poinus are found %y usine times greater than TTF .
Since T g~ increases as V decreaces, me see that the minimal energy con-
tour will nearly coiiicide with the interception contour when V is small.
In Section 3 we saw that /3 * is the course X should use to

maximize D, if nis available energy is given ty Ea<:‘7T/b. Upon preced-

ing as in Section 4, we find that the contour determined by the course,@'
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and UT has the equations,

yr - O (2_ - )7
vV 2€

(5.1) { x
% w7 Sag1g]e
\Jy =1t oo l 26 J
and that '6 . is given by the formula

(5.2) ﬁ ":-}3— {77-‘_ X + arcsin [_G_%::l. sin O(]

For tne lack of a vetter name we czll this curve the parabolic
energy contour, It is readily seen that this contour epproximzies the
interception contour whenever the interceotion contour is determined by
the nearly parabolic aprt of Eq (1 - e m.

When X's position is on the interception contour, the course ;g"
that he must use to intercept Y is determined b the ncrmal to the inter-
ception contour at this point, 1t is fairly casy to establish from the

geometry of the situation that
(5.3 4 & 2’ 8 .
. - &
end that all three interceptiion courses arree for o = 0 and & = T.
igure 8 gives a rraphical comparison »f the minimal energy con-
tour and the psrabolic energy contour with the corresponding interception
contour. The calculations for these curves were made by using the results

of Tables 1 and 2.
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If EA(T) = KT, as wo '1ld be the case if X could obtsins an unlimited

w
. e . = K\ Yo
amount cf enerry from hic power supnl , o Ting the’ U = (T) )

i

4

censtanl. Substituiing tuls value cf ] in (2.5), we see that the 2quutir~n

fer X's interce::tion contour Gtecc i cs

(5./,) X:VT-D—V-T

T U2

y =2UTy 1 - (5)

Upon elimirating T they hecora
(5.5) AP .

By A4

-~ / -

where ¥ 2 0O and U = (§)*/‘t Thus if U V the intercepticn contour

consists of two vayc as illustret=d by Fipure 9, for U > vV, (x< 0),

the interception domain is the entire plane.

FIGURE 9

Dme of the principle reasons for inserting this section in the
-JT/b
report is ihe thought that the function E:°<§l -e ) mipht not
always be an accurate descripticn of X's available energy. It tnis

chonld acour
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once the point (x', y!) is known. However, this point is the upper
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6. The Interception Probability

The interception con‘our may be constructed about X as we.l as ¥
where, of course, it is assumed that Y has always the same course and
speed repardless of pcsition. This mav be accomplishad by riacing X at
the origin of the o0ld interception contour and reversing Y*s direction.

In this section the interception contour will be taken relative to X,

¢t us suppose that X can detect Y, if Y is within the range R
of X. If we further assume X to be fixed for an indefinite period of
time and Y to be uniformly distributed, then the prob&bility of X success-
fully interception Y is equal to y'/R if x' » O and equal to 1 ir x'® O.
Figure 10 illustrates the first situation,

b

—_

(1"’ﬂ') <€

A

mterception b )\
contour /-1/.,\\/'
) \\\\\\1

N
S~

FIGURE 1

A

Thus, the interception probability (PI) is readily caiculated,

L e .

2 2 2
intersection point of x 4+ y = R with the interception contour,
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Leewy the point satisf ing

Thic point may hbe “ound by elimirating x and y in (6.1) and finding

the T that satisfies tie resulting expressicn in V, U and Ué]

This T may then be irserted in the last equation of (6.1) to find y'.
It appears to us tha! this procedure invclves as much labor as the
construction of the intercepticn ~ontcus from which the probability
may readily be determined.
Hewever, if the minimal enersy contour is used in place of the
terception contour, ‘hen thc above method may be emplcyed with con-
siderable success. In ihis case we wish to find the (x!',y!') which

satisfies

(6.2) XX+ 72 =R ;
vr - Ur/ 0 llﬁ §

U'“? —1 <

Eliminating x and v in \6.2 ), We obtain

X

n

y

or

2 _ 2
(6.3) tvr)” - _OC -2 (U'r)2 = R
om

(6.6 (@0 = v )T )P - @

The ripght hand side of (4..) is a l.spervola and thus graphical

means may be used to determine the desired T. Figure 11 illustrates

“ ”mg;:;.«sw‘ s

this method,
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T .1lewing is a list of the partial derivatives of the intercepticn

cenvour and tie minimal enerpy contour with resvect to the rarameiers

@&, Em, b, and c.
(1)

e

e
o6~

interception contour,

( 9x . aTun | T 70T /b
\'9:_ c‘n\’fju"JvL(rT(/ B 7 )
Jd

de . [UT e | _d
7= (TS b e 2 (0T)
Minimsl energy contour

oz

-— -

RN

2\icﬁU ‘
s (1-asU- ¢
3

(2 51:;:

verception contour :
oL - _ 2% T
\ 9Ew U< )

- %%T[,z (1) /o3 U“’J

- T/
N gl o AT L & ]
ob <Cal Yoo L 4 0Te (e e-y) feilc™=-i)*
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oY o i (- cX 1+ 2L U _
5% = (N or T T 3% ) where 3=
S [

Interception coa.cur

Y _ 1 Ix
o0  © JE_,
Su - ' o)
3 == +
ov C 9E o
Miniral energy contour
sX TU
<
g‘i =% TU l"'z's

. dc  of 7, -8%
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